
A s an i l lustrat ion we examine the problem 

OU t _ 1 0 ![ U2__!OU~ ] , 0 .5 (p - -R)  2 --2(1-~-x) . . . .  R 
o~ o oo 1 o , # j T  [ l .5p~+l,5x(  p R)2],/3 

X, 
- -  p 

1 O [pu OU2 ] 
p 0p T =0 ,  R < p < 2 R ;  

OU, (0, x) __ 0, U, (p, 0) = ,~" 2R 2 In 2 -t- (1.5) 2/a R"3; 
0p 

U,(R--O,  x) = Uz(R + O, x), U2(2R) = ]/2R21n2 + (1.5)2/a R4/a ; 

OU, . OU2 
T = (x). 

0 < p < R ;  

It is required to find U{p, x) and ~(x). This problem has the known exact  solution 

U, = ~/II.5p 2 + 1.5x(p - -  R)2I 2, 

U2 = V'2RZln (p/R) + (1:5) 2/3 R 4-~, ~t' (x) = 0. 

To find an approximate solution we use the difference scheme (27) with h = 0.1, �9 = 0.04, and R = 1. We have 
car r ied  out the numerica l  computation on a B~SM-4 digital computer .  We give the values of Yi,k for K = 400: 
Y0,k = 2.8843, Y2,k = 2.4897, Y4,k = 2.0715, Ye,k = 1.6368, Ys,k = 1.2431, Y10,k = 1.1442o Y12,k = 1.2920, Y14,k = 
1.4083, Yl~,k = 1.5004, Y18,k = 1.5776, Y20,k = 1.6425. We have also made a compar ison of the Yi,k for  K = 
400 with the exact solution for x = 16. The e r r o r  turns out to be not grea ter  than 0.007. 
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EFFECT OF A BIPERIODIC SYSTEM OF PLANE 

ON A PLANE STEADY TEMPERATURE FIELD 

I. M. Abdurakhmanov  and B. G. A l ibekov  

INCLUSIONS 

UDC 536.24.02 

Determining the complex potential of a plane tempera ture  field perturbed by a biperiodic system 
of thin inclusions reduces to the solution of a singular integrodifferential  equation. 

1. Suppose that a plane steady tempera ture  field is per turbed by some finite sys tem of cuts (lines) Fn, 
n = 1, N. Each line may be taken to be, e.g. ,  a foreign inclusion (or crack) of sufficiently large extension 
(relative to its width), the thermal  conductivity k n of which differs f rom the thermal  conductivity k of the basic 
medium, taken to be the complex-var iable  plane z = x + iy. The set of all the lines F n is denoted by F = F 1 + 

. . .  +F  N. 

Consider the problem of finding the tempera ture  field per turbed by inclusions,  assuming that the t em-  
pera ture  in a homogeneous body (in the absence of inclusions) is determined by a given harmonic  function T0(x, 
y) = Re F(z). 

The complex potential of the per turbed tempera ture  field W(t) = T + ir where ~ is the cur ren t  function 
associa ted with the tempera ture  T,  will be found as the sum of a given function F(z) and a Cauchy-type integral  
of unknown density taken along the curve F 
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uz (z) = P (z) + .  (z), (1) (z) - 2nil .f ~tt(t)_ dtz (1.1) 
P 

Assuming, so as to be speci f ic ,  that kn = k 0 << k, the unknown function p(t) will be found using the bound- 
ary condition [1] 

6 o~ =T---T +, 6=2hok/k o. (1.2) 
Os 

Here T + and T- are the values of the temperature at the left-hand and right-hand edges of the inclusion; 2h0(s ) 
is the width of the inclusion in the cross section s. 

It is assumed that the derivative of p(t) is continuous in the Holder sense [2]. Applying the Sokhotskii 
formula [2] to the function W(z) in Eq. (1.1) as z --- ter and using the boundary conditions in Eq. (1.2), a singu- 
lar integrodifferential equation for the determination of the function 

/~ (t) = T + - -  T- (1.3) 

is obtained 

It'(s)[ 6(s) (s) iF ' ( t )+  ~ x - - t  ] " (1.4) 
r 

Here  s is an a r b i t r a r y  Inc reas ing  p a r a m e t e r  such that ,  when s v a r i e s  over  the in te rva l  [s- ,  s+l, the point t(s) 
cover s  the whole length of I ' .  Suppose that  the l imi t ing  t e m p e r a t u r e  values  T + and T -  at  each end of the line 
1`n a r e  equal;  then, f r o m  Eq. (1.3) 

(t~) = ~t (t.+) = 0 (1.5) 
+ 

H e r e  t n and t n denote the lef t -hand and r ight -hand ends of the line Fn, r e s p e c t i v e l y .  The condition in Eq. (1.5) 
m u s t  be used in solving Eq. (1.4). 

If the real part of the given function F(z) and the system of inclusions I ~ are biperiodic with basic periods 
2co and 2w', the temperature field perturbed by inclusions will also be blperlodic, i.e., the real part ReW(z) 
of the complex potential of the perturbed field is a biperiodic function [the imaginary part of F(z) or W(z) may 
differ by a constant value at congruent points]. To construct this periodic function it is necessary to sum the 
Cauchy-type integrals of the form in Eq. (1.1) taken over the whole length t + 2nw + 2nat0', where ter, while n 
and m are integers. The Weierstrass zeta function ~(u) may be used [2, 3], and the complex potential may be 
written in the form 

(z) = t: (z) + ~ (z) = Cz, (1.6) 

r 

The unknown complex number  C is de te rmined  by the biper iodici ty  condition for  the t e m p e r a t u r e  field 

Re IW (z + 2~) - -  w (z)l = o, Re [W (z + 2~') - -  W (z)i = 0 (1.7) 

Since a t  congruent  points the function ~(v) sa t i s f i e s  the re la t ion  

(v  4- n -+- m x )  = ~ (v)  - -  z t m i l o ,  �9 = oJ' /(o, (1.8) 

where  n and m a re  i n t ege r s ,  Eqs.  (1.6) and 0.7)  lead to a condition uniquely de te rmin ing  the constant C 

Re[oC] = 0 ,  Re[4oxo'C-i- S ~ ( / ) d t ] = O .  (1.9) 
t" 

I t  follows f r o m  these  re la t ions  that  if 

3"~t (0dt = 0, (1.10) 
P 

then C = 0 and ~(z) in Eq. (1.6) is biperiodic; otherwise, the imaginary part of r at congruent points would 
not be a constant, 
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To de te rmine  the r ea l  function g(t),  Eq. (1.6) y ie lds ,  in view of the boundary conditions in Eq. (1.2), the 
equation 

x - - t  It(t) = R e [ t , ( s )  ( iF,(t)  + i C +  2_~ ~$t,(x) O ( ~ E ) d T ) ] .  (1.11) Ir (s) 1 6 (s) 
r 

R e m a r k .  P a s s i ng  to the l imi t  as ~ '  ~ ~ in Eqs. (1.6) and (1.11) yie lds  the express ion  for  the complex 
potent ial  and the equation for  g(t) in the per iod ic  case ,  cons idered  in [4]. 

2. Suppose that in the plane considered above there  is an infinite sy s t em of infinite pa ra l l e l  r ec t i l i nea r  
cuts (inclusions) of low conductivity and constant  width (5 = const) at a constant  spacing of 2d. The axis 0x in 
the z plane is d i rec ted  along one of the inclusions.  Suppose that a b iper iodic  func t ionwi thper iods  2a and 2di is 
defined in the z plane.  Then the t e m p e r a t u r e  field pe r tu rbed  by inclusions will be biper iodic  with per iods  2a 
and 2di. As the basic  p a r a l l e l o g r a m ,  the rec tangle  D = { -a  --< x < a, - d  -< y < d} wiUbe  used. The line r coin-  
cides with the segment  of the rea l  axis - a  -< x -< a. 

Since the function ~(v) takes  rea l  values  for  r ea l  va lues  of the a rgumen t ,  Eq. (1.11) may be wr i t ten  for  
the given case ,  using the boundary values  of 6(z) in Eq. (1.8), in the f o r m  

�9 + - -  i 6 0 + ' / 2  = O -  + i 5 0 - ' / 2  + 5 Re [iF' (x) - -  Co). ( 2 . 1 )  

The subsc r ip t s  + and - denote the l imi t ing  values  of 6(z) and 6 '  (z) above and below the in tegra t ion  line - a  - 
x _< a, r e spec t ive ly .  The constant  C o is  de te rmined ,  in accordance  with Eq. (1.9), f r o m  the fo rmu la  

C o -  1 i It (x) dx, C = iC~. (2.2) 
4ad ,9 

- - a  

It will be expedient  to introduce the auxi l ia ry  function 

�9 • (x) = $ •  (x) ~: i5r • (x)/2 

The boundary condition in Eq. (2.1) then takes the s imple  f o r m  

~+ - -  ~ -  = 6 Re  [iF' (x) - -  C01. 

Since ~(z) and ~'  (z) axewr i t t en  using in tegra l s  with the kerne l  d(v) and sat is fy  the conditions 

(z) = - ~ (z), ~ '  (z) . . . .  ~ '  (z), ( ~  (z) = a)(z)) ,  

(2.3) 

(2.4) 

the functions qt+(x) a r e  boundary  values  of the p iecewise  holomorphic  function ~P(z), sa t i s fying the condition 
~(z) = - t , (z)  and wri t ten  using an in tegra l  with kerne l  ~(v). T h e r e f o r e ,  on the bas is  of the Sokhotskii f o rmu la  
[2], the following express ion  may  be wri t ten:  

a 

t ( ~ - z  5 ' Re liF'(~) - -  C01 ~ \ T )  d~. (2.5) T (z) -- 2~i ~ 
. - . a  

Using the boundary values  of q~(z) in Eq. (2.5) and in tegra t ing Eq. (2.3), the r e su l t  obtained for  the function/~(x) = 
�9 + - ~ - ,  taking into account the per iodic i ty  of the boundary values  O+(x), is  

2i u/-(~)exp 2i(~--x)  -; T-(~)exp 
(x) = T - - 6  

Substituting ~t(x) f r o m  Eq. (2.6) into Eqs.  (1.6) and (2.2), the function O(z) and the unknown constant  C a re  found. 

Fo r  example ,  suppose that in the cons idered  plane sources  of equal s t rength q > 0 and sinks of s t rength 
- q  a re  introduced,  r e spec t ive ly ,  at  the points:  a) z = (2n + 1}a + i(2md + b), z = (2n + 1)a + i[(2m + 1)d + b] (a 
l inear  sys t em of sources  and sinks);  b) z = 2ha + i(2md + b), z = (2n + 1)a + i[(2m + 1)d + b] (a s taggered  a r -  
r angemen t  of sources  and sinks);  n and m a re  in tegers ;  0 < b --< d. Then the complex potential  of the u n p e r -  
turbed field may  be wr i t ten  in the f o r m  

a) F (z) = q In ~ z  (v__~) ; b) F (z)  q In 03 (v)  . v - -  z - -  i____~b 
, , ( 2 . 7 )  2n ~z (v) 2n b, (v) 2a 
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T + _ T  - 

q 

Fig. 1. Dimensionless  
t empera tu re  drop along 
inclusions for  different  
values of h / a .  

�9 k(V), k = 1, 2, 3, a re  the f i r s t ,  second,  and third theta functions [2, 31. Below, considerat ion will be l imited 
to the basic rec tangle  D = { - a  -< x < a, - d  -< y < d}. The functions d(v) and F' (x) may then be wri t ten  in a fo rm 
more  convenient for  calculat ion [3] 

~ - - z '  I n a(~--z)  2= ~-~ h~ n~(~--z)  
( - - - ~ a  ctg 4- - -  - -  sin 0 

], = - ~ a  2 ~  a zL~- l_hZn a 

+2a.= = 1. 
a n.~l a 

(2.8) 

)n[ 12~ 1 sh nnb ] a  h = e x p ( - - - ~ )  (2.9) 
a) a . . = ( - - I  + 1-7 ' h "  ' ' 

1 hZ"--(-- l )"h" nxb (aba ) 
b) a n =  2~-  1--h z" S h - - a  ' y = e x p  . (2.10) 

Using Eqs. (2.8)-(2.10) and making the necessary computations in accordance with Eqs. (2.5), (2.6), (2.2), 
and (1.6), the following results are obtained: 

a = a 4 (I + 6/2d) (2.11) 

.o (2,h  ( i=)l ] 
anb,~ - -  s in-  4- exp -4- -+- 1/4 (1 + ~/2d) , C o - q/4a (1 ~ 2d/6), (2.12) 

1 - -  h ~ a a . 
a ~  1 

b. = [1 - W" - -  (1 + h ~) nnf/2a]/(1 - -h~)[ l  --(na8/2a)21 �9 

In Eq. (2.12) the upper (+) and lower  (-) signs r e f e r s ,  r e spec t ive ly ,  to the values 0 < y -< d a n d - d  -< y < 0; the 
coefficients  an a re  de te rmined  f rom Eq. (2.10). 

In Fig. 1, curves  of the t empera tu re  drop (as a function of q) along the inclusions a re  shown for  0 -<- x/a --< 
l w i t h d / a  = 1 ,  5/2a = 1 ,  and:a)  b/a = 0.1 (1), 0.5 (2);b) b/a = 0.1 (3), 0.5 (4). 

T + and T -  
q~ 

F(z) 
W(z) 

NOTATION 

are  the values  of the t empera tu re  T at the lef t -hand and r ight-hand edges of the inclusion; 
is the cu r r en t  function; 
is the complex potential  of t empera tu re  field unper turbed by inclusions; 
is the complex potential  of t empera tu re  f ield pe r tu rbed  by inclusions; 
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koand k 

F n 
r 
2h o 
2~ and 2w' 
q 

are the thermal conductivity of the inclusions and the body; 
is the smooth line in the complex z plane; 
is the piecewise continuous line; 
is the width of the inclusion; 
are the periods of complex potential W(z); 
is the source strength. 

1, 
2. 
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